Abstract-Conventional orthogonal frequency-division multiplexing receivers disregard the guard interval in channels with small dispersion even though its unconsumed portion can be exploited for improved demodulation by applying a Nyquist-shaped window in the receiver. The transmitter does not need to be modified, subcarrier orthogonality in the receiver is preserved, and the receiver discrete Fourier transform size can be retained. Windowing can mitigate the joint effect of additive noise and intercarrier interference among subcarriers caused by the carrier frequency offset. In this letter, a closed solution for optimum window coefficients suited to this scenario is derived.
I. INTRODUCTION

C
ONVENTIONAL orthogonal frequency-division multiplexing (OFDM) reception [1] ignores the guard interval (cyclic prefix and/or postfix). Only the so-called useful samples are fed to a discrete Fourier transform (DFT) which performs conventional OFDM demodulation, being equivalent with rectangular windowing of the received signal. Imperfections like residual frequency offset, oscillator phase noise, and Doppler spread cause intercarrier interference (ICI) among subcarriers, and we desire to lower the sensitivity of OFDM to frequency offsets.
In many situations, the specified guard interval is oversized, i.e., the actual duration of the channel-impulse response is shorter than the fixed guard interval. We refer to that part of the guard interval which is not affected by channel echoes originating from previous OFDM symbols as unconsumed guard interval. Samples in that region are exploitable to mitigate additive noise and ICI from residual carrier frequency offsets. The achievable windowing gains are not tremendous, but obtainable by simple preprocessing prior to the conventional-sized DFT. In [2] , a raised-cosine windowing is used, and in [3] , an optimization of the Nyquist shape has been performed to minimize additive noise power in the subcarriers. The author was with Lehrstuhl für Nachrichtentechnik II, Universität Erlangen-Nürnberg, D-91058 Erlangen, Germany. He is now with AT&T Laboratories-Research, Middletown, NJ 07748 USA (e-mail: smw@research.att.com).
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II. TRANSMISSION MODEL
A. Conventional OFDM Transmitter
The OFDM symbol is generated by a -point inverse DFT. Subcarrier is modulated by the complex amplitude from the same zero-mean signal set for all . The modulation interval is and the subcarrier spacing is . A guard interval [1] with samples in total is added. It is split up into a cyclic prefix and a cyclic postfix of and samples, respectively. The discrete-time complex baseband transmit samples are , , where is the discrete time. The average signal power is .
B. OFDM Receiver with Nyquist Window
A nondispersive channel with residual carrier frequency offset is considered; the noiseless receive sample is with . Zero-mean additive white Gaussian noise with is added such that . The channel signal-to-noise power ratio (SNR) is . The modified OFDM demodulation is performed by (1) where we substituted . The modification consists in windowing with and for validity of the summation limits in (1), we require at least for and . Now, and not is input to the DFT of size . The efficient implementation in (1) is related with the polyphase implementation of a decimated DFT filter bank [4, p. 127] and is in contrast to [2] , where (1) is directly calculated with a DFT of size . Introducing the normalized frequency offset (NFO) , , the noiseless frequency-domain transmission characteristic is obtained, with window-dependent transfer factor (TF) (2) characterizing the crosstalk between any -spaced transmitted subcarrier and received subcarrier for given NFO and (cyclic) subcarrier index spacing . To ensure subcarrier orthogonality for , the time window must comply with the time-domain Nyquist condition
A second (practical) demand is the finite duration of the window shape.
III. MMSE OPTIMUM NYQUIST WINDOW SHAPE
A. Decomposition of Nyquist Window
The rectangular window component or from conventional OFDM is appropriately modified [5] , [6] by the time-limited roll-off modification with , . The time-excess parameter is variable. The window composition is (4) as this structure enforces (3) without further restriction. Please refer to Fig. 1 for this decomposition into a rectangular and two roll-off components. The window is extended by samples on the left and samples on the right, when compared to , yielding the time-excess factor .
B. MMSE Optimization of Window Shape
With (4) and further manipulations [5] , the TF from (2) can be rewritten as (5) The noiseless and interference-free received amplitude in subcarrier is . The average power of ICI in one specific subcarrier induced from all other active subcarriers is . Given all subcarriers are operated with identical average power, then is identical for all subcarriers. The average noise power per subcarrier is denoted by . As both are assumed to be uncorrelated, the overall interference and noise power in one subcarrier is given by and this mean-squared error (MSE) is minimized by optimizing the 's. As the Nyquist criterion is already enforced by the construction principle, we have under the constraint that is not too large. Consequently, the roll-off shape which minimizes will in good approximation maximize the subcarrier SNR (6) If all subcarriers are used, then the subcarrier SNR for a window with is upper bounded by [3] (7)
The average ICI power in each subcarrier is 1 with (vector of interfering TFs). The additive noise in the subcarriers is acquired by windowing of white time-domain noise samples and its average power per subcarrier is with window coefficient vector of length . At this point, we introduce (8) (9) (10) (11) (12) Matrix has rows and columns. Vector is the unknown roll-off modification of length , which is to be optimized. Vector is the rectangular window of conventional OFDM, modified by the additive roll-off contribution . and represent the identity and zero matrix of given sizes, respectively. Now, we can rewrite (5) compactly as and the window composition from (4) as . For optimization, the minimum MSE (MMSE) approach is chosen. We set the derivative to zero and obtain the optimum SNR-adaptive roll-off modification 2 (13)
C. Asymptotic Optimum Results
1) For channel SNRs
( dB), i.e., dominating ICI, we obtain from (13) the asymptotic result 1 X X X denotes conjugate transposition (Hermitian transposition) and X X X transposition of the matrix/vector X X X. 2 It can be easily shown that C C C C C C = 2I I I
. . The result only depends on the NFO. 2) Another interesting case is observed for or at extremely low SNRs, where we have or ( dB), respectively. In this case, additive noise dominates and the constant solution is obtained. The resulting window is constantly 0.5 in both roll-off regions [3] , which can basically be interpreted as optimum combining rule for all those signal samples which are received twice due to the unconsumed guard interval. We refer to this cheaply implementable window as constant Nyquist shape. Fig. 2 shows for with , obtained from (13) for and (10 dB) ( MMSE, ), and for ( dB) or ( Constant, ), which is constantly 0.5 in the roll-off region. To the left and to the right, we find discontinuities of the optimum window shapes. Both optimum solutions exhibit an approximately linear course inside the roll-off region, which led to the simplified derivation in [7] with a priori linear roll-off segment. There, a much simpler near-optimum solution is obtained which requires no matrix inversion.
D. Numerical Results for MMSE Optimum Window
IV. PERFORMANCE COMPARISON WITH OTHER WINDOWS
The three other window shapes in Fig. 2 are now compared to the constant and the MMSE optimum shape. We investigate the rectangular shape of conventional OFDM, a Nyquist shape with trapezoidal and raised-cosine shape [2] . All Nyquist windows have the time-excess factor . Possible gains in joint noise and ICI power are demonstrated in Fig. 3 , where the subcarrier SNR is plotted over the NFO for all five windows from Fig. 2 . The channel SNR is constantly dB. From Fig. 3 at , we see that a maximum signal combining gain of [cf. (7)] 0.62 dB results for compared to conventional OFDM which cannot exceed the channel SNR of 10 dB. The constant shape achieves the maximum gain at
. The MMSE optimum shape shows superior behavior with nonzero NFOs, while the degradation at is hardly visible. The diagram can also be read as follows: conventional OFDM drops to an effective subcarrier SNR of 9.5 dB at , while twice that offset is tolerable with windowing. For small , the biggest portion of the gain is due to the signal combining gain, which in good approximation is fully realized by the simple constant Nyquist window. The performance advantage of the MMSE optimum window over the constant solution increases for larger , so that there the general solution is required for optimality. For , the MMSE solution approaches a triangular window shape. The raised-cosine roll-off region [2] is globally suboptimum; it offers only little more than half of the possible gains. Even a trapezoidal Nyquist shape achieves a better effective subcarrier SNR.
As frequency-domain explanation for optimality, we investigate the normalized frequency response (14) of four receive window shapes with in Fig. 4 . All Nyquist-type time windows offer reduced side lobes when compared to original OFDM. The MMSE optimized solutions have significantly reduced side lobes directly adjacent to the main lobe (see between subcarrier index 1 and 3), when compared to the trapezoidal window. It is this feature, which decisively decreases interference power in case of residual carrier frequency offsets. The trapezoidal shape without time-domain discontinuities results in a faster-decreasing frequency response compared to the ones of MMSE optimum window solutions with discontinuities.
V. SUMMARY AND CONCLUSIONS
We exploited an oversized guard interval in the receiver to cheaply mitigate joint additive noise and ICI due to carrier frequency offsets. We derived the MMSE optimum Nyquist window and compared its performance to that of known windows. Achievable gains are not that large, but the intuitive raised-cosine shape is suboptimum. Further, the shape from [3] is obtained as asymptotic solution.
Our presentation assumed an OFDM system with pre-and postfix which is not compulsory for windowing. With introduction of an appropriate time shift, each existing OFDM receiver can be modified to perform Nyquist windowing.
